We obtain in a closed form the 1/N 2 contribution to the free energy of the two Hermitian N × N random matrix model with non symmetric quartic potential. From this result, we calculate numerically the Yang-Lee zeros of the 2D Ising model on dynamical random graphs with the topology of a torus up to n = 16 vertices. They are found to be located on the unit circle on the complex fugacity plane. In order to include contributions of even higher topologies we calculated analytically the nonperturbative (sum over all genus) partition function of the model Z n = ∞ h=0 Z (h) n N 2h for the special cases of N = 1, 2 and graphs with n ≤ 20 vertices. Once again the Yang-Lee zeros are shown numerically to lie on the unit circle on the complex fugacity plane. Our results thus generalize previous numerical results on random graphs by going beyond the planar approximation and strongly indicate that there might be a generalization of the Lee-Yang circle theorem for dynamical random graphs.
Introduction
Yang and Lee have established long ago [1] that the statistical theory of phase transitions is connected with the distribution of the zeros of the grand partition func-1 claudio@fma.if.usp.br 2 alves@quark.ffclrp.usp.br 3 On leave from UNESP (Guaratinguetá) -dalmazi@tonic.physics.sunysb.edu tion on the complex fugacity plane. They have proved that, in the thermodynamic limit, those zeros circumscribe closed regions on the fugacity plane where physical quantities remanin analytic , thus defining different phases of the system. Although complex values for the fugacity are non physical, the physical features of the phase transition can be obtained from the study of the distribution of the zeros which increase in number and tend to pinch the positive real axis in the termodynamic limit .
In [2] Lee and Yang have proved that the complex zeros of the partition function of the ferromagnetic Ising model in a complex magnetic field H lie on the unit circle in the complex y-plane (y = e −2βH ). This result, known as the circle theorem, makes no assumptions about the details of the lattice like its topology , coordination number , etc. Their starting point is the partition function of the model on a given static lattice which we can assume to be , for instance , a graph G n with n vertices. The corresponding partition function is defined as
where β = 1/T and G ij = 1 for nearest neighbors and G ij = 0 otherwise. We have absorbed the factor β in the definition of the magnetic field. As usual the configuration of the system is determined by specifying σ i = ±1 on each vertex of G n . Henceforth we assume that G n is a closed (no external legs) graph with n fourlegged vertices. It is important to emphasize that G n does not need to be regular and one has G ii = 1 for a link that connects a vertex to itself Defining d as the number of spins down we can rewrite Z(G n ) as being proportional to a polynomial in the fugacity y,
where c = e −2β and each of the coefficients P d corresponds to a partition function of the 2D Ising model on G n without magnetic field (H = 0) with d spins down. Therefore they are all positive real and satisfy P d = P n−d . Based on this and other properties of P d Lee-Yang have proved their theorem [2] assuring that all zeros of Z(G n ) lie on the unit circle :
Following Kazakov and Boulatov [3, 4] we can define the Ising model on dynamical random surfaces (2D Gravity) by treating the lattice G n itself as a degree of freedom. Its partition function is obtained from the usual Ising model by summing also over all G n with n vertices:
Here i labels the different graphs with n vertices . The above sum is not arbitrary. In our case, where we consider four-legged vertices, the weights of the graphs are the corresponding combinatorial factors of a φ 4 field theory. In this case the model of [3, 4] is known to have a third order phase transition at the critical temperature β = log2 from a disordered ( high temperature ) to an ordered (low temperature ) phase. Clearly Z n has the same form of eq.(2) but with new coefficientsP
is still satisfied , this is not a sufficient condition for the Lee-Yang circle theorem to hold . In general the zeros of linear combinations of polynomials have a complicated relation to the zeros of the original basic polynomials. However , quite surprisingly it has been observed numerically (see [5, 6] ) for dynamical planar graphs (spherical topology) wiht 1 ≤ n ≤ 14 vertices that the Yang-Lee zeros are located on the unit circle. It is instructive to illustrate this point for planar graphs with a low number of vertices (n = 2, 3, 4) where an analytic analysis is simpler. From eq. (1) we easily obtain the partition functions given in Fig. 1 . The overall factor (cy 1/2 ) −n of a G n graph can be canceled by adding a constant to the energy in eq.(1). Since 0 ≤ c ≤ 1, it is easy to verify that the Lee-Yang theorem holds for G (1)  2 and G
2 separately. This exemplify, in particular, that the theorem does not depend on specific details of the graphs. If we want to treat the graphs as an extra degree of freedom we have to sum over G (1) 2 and G (2) 2 in this case. Taking an arbitrary linear combination
2 ) one can easily verify that for −2 < b/a < −2( √ 2−1), the zeros of Z 2 (a, b) will not belong to the unit circle. However, in the Kazakov and Boulatov's model the combinatorial weights of G 2 correspond (see ref. [7] and the planar Z 2 displayed in [5] ) to (a, b) = (2, 16), which brings the zeros to the unit circle.
In the next simplest case, n = 3 , we have four planar graphs, as shown in Fig.  2 . Each graph gives rise to a polynomial of the form
where the quantities a (i) are functions of the temperature which satisfy 0 ≤ a (i) ≤ 1, (i = 1, 2, 3, 4) . It is easy to demonstrate that each P has all its roots on the unit circle. Clearly, this is not true for a general linear combination up to an overall constant, and we will be back to the unit circle. Obviously, the combinatorial factors of the respective graphs (see ref. [7] and the planar Z 3 displayed in [5] ): k i = (32/3, 256/3, 64, 128), belong to this subset.
For n = 4 vertices there are ten planar graphs. In Fig. 3a and 3b we show the diagrams and the corresponding partition functions. Each one corresponds to a polynomial, which can be written as:
where 0 ≤ a
Analogous to the n = 3 case, each P
4 , under conditions (6), possess only unit roots but that is a property that cannot be extended to any linear combination It is remarkable that even for larger n the combinatorial factors of the graphs apparently, as our numerical results indicate, are such that the Yang-Lee zeros still lie on the unit circle.
For an arbitrary number of vertices we were not able to make an analytical analysis of the location of the Yang-Lee zeros for an arbitrary finite temperature but , as one might expect from the results on static lattices, the Yang-Lee zeros of Z n should be equally distributed around the unit circle at T = 0 and coalesce at y = −1 as T → ∞ . As a self-consistency check we prove that this is indeed the case directly from the two Hermitian matrix model in the next section. The key ingredient in those cases is the decoupling of the two Hermitian random matrix model into the one Hermitian random matrix model. In section 3, using orthogonal polynomials, we obtain for arbitrary temperature the 1/N 2 contribution to the free energy of the two Hermitian matrix model. In section 4 we present the numerical results for the Yang-Lee zeros on graphs of torus topology up to n = 16 vertices. In section 5 we calculate, for arbitrary temperature, the non-perturbative partition function of the Ising model on random lattices, including all topologies. For this end, we have to restrict ourselves to the cases of small matrices N = 1, 2 and graphs with n ≤ 20 vertices. Numerical results show that even after summing over all topologies we still have the Yang-Lee zeros on the unit circle.
Free Energy at T = 0 and T → ∞ for arbitrary topology
By means of two Hermitian matrices X and Y of order N ×N, each one associated with a value of σ i = ∓1 , one can show that the free energy [3, 4] 
is a generating function for partition functions Z n of the 2D Ising model in a constant magnetic field H calculated on random graphs G n of n vertices of 4 links each according to
Notice that Dµ = DXDY is the usual measure [8] for Hermitian matrices. The quadratic terms of the potential in eq. (7) are responsible for the links (propagators) between < ++ >, < −− > and < +− > while the quartic terms stand for the two different sites ( vertices ) (+) and (−) of the lattices (graphs) each one with four links. This corresponds to a φ 4 interaction field theory in which the fields are represented by N × N matrices.
Taking ratios of the propagators and comparing with the Boltzmann weights of Z(G n ) one identifies the temperature: c = e −2β . For the specific cases of c = 0 (T = 0) and c = 1 (T → ∞), the matrices in eq.(7) decouple and the free energy E(g, c, H) can be obtained for arbitrary topology in terms of the one Hermitian matrix model free energy (E 1 ) as follows. Taking c = 0 (T = 0) in eq. (7) we have
where
Plugging in eq. (9), we obtain the following expansion in the coupling g,
The coefficients a n on their turn have a topological expansion
with h = 0, 1, · · ·, corresponding respectively to lattices with spherical topology, torus topology, etc. The coefficients a (h) n can be calculated iteratively using orthogonal polynomials for the one matrix model given in (10) . From [7, 9] we have, for instance, the sphere and torus contributions:
In the case c → 1 (T → ∞), the decoupling of the two matrices in eq. (7) is less obvious. With the redefinition g = g(1 − c 2 ) 2 we obtain, in the limit c → 1 , after a change of variables in eq. (7),
If we compare eq. (8) with eqs. (11) and (15), we obtain the partition functions
and
Notice that we have dropped the factor [c/(1 + c 2 ) 2 ] n since it just amounts to a redefinition of the energy by a constant.
We conclude that for arbitrary number of sites the Yang-Lee zeros of the Ising model on dynamical random lattices of arbitrary topology 4 are homogeneously distributed around the unit circle at T = 0 (y k = e i π n (2k−1) , k = 1, 2, · · · , n) and coalesce at the point y k = −1 as T → ∞. Both cases coincide with the results of the model on a static lattice (see , e.g., [10, 11] 
4 Though we have only given a
n and a
n , the relations (16) and (17) hold for arbitrary topologies.
with
We can further decrease the number of degrees of freedom introducing two sets of monic polynomials [8] ,
which are orthogonal with respect to the weight eq. (20),
Using the relations
one derives: 
The ratios f i and the auxiliary quantities r i , s i , q i and t i defined below,
can be determined altogether by solving a set of coupled equations obtained from integrals of total derivatives involving eq.(23). Since we are going to look at N → ∞ it is more useful to present the continuum version of those equations. Introducing the notation:
the continuum equations become [4, 8] :
and three more equations obtained from (34-36) by exchanging (u, r, s, q, t) → (1/u, q, t, r, s), where u = e H . Using the expansion
and analogous ones for r(x), q(x), s(x), t(x) and their conjugates, we reproduce, collecting the (1/N) 0 terms, the planar equation of [4] :
Here B = 2 [cosh(H) − 1] and z(x) = (6g/c)f 0 (x) . The above equation furnishes f 0 (x) parametrically. By further collecting the (1/N) terms we get
Using such results we derive from the (1/N) 2 terms: 
Another contribution of order (1/N) 2 comes from applying the Euler-Maclaurin summation formula :
on the expression (26) which gives
.
After using (38), we obtain
The integral in (42) can be written, after an integration by parts and using (44) , as
where I 0 is the planar contribution:
while I 1 stands for the torus contribution,
In eq.(53), z is given by the series in eq. (51), and
is a function of g, c and B.
Using eqs. (51) and (53) together with the expansion of R(z) in powers of g, and comparing with eq. (8), we obtain the partition functions on random toroidal lattices Z (1) n up to n = 16 vertices . The first 8 results are collected in Table 1 . The figure 4 shows the flux of zeros on the unit circle, as the temperature c decreases to the critical one, c = 0.25. In Fig. 5 we clearly see that the zeros tend to pinch the positive real y−axis as the number of sites increases (thermodynamic limit) at the critical temperature c = 0.25. It is worth mentioning that the polynomials are different from their planar counterparts, but their zeros still lie on the unit circle. The topology slightly changes the position of the zeros along the unit circle.
Non-perturbative Partition Function for Small Matrices
As we have seen in section 3 the exact free energy for spherical and torus contributions were given as integral representations (eqs. (49) and (50)), in the large N limit. These turn out to be the first two contributions of a topological expansion in N −2h [12] , where h stands for the number of handles of the corresponding surface in the continuum limit. On the other hand, if we consider small values for N, it is possible to obtain an explicit closed form for the free energy (18) including all topologies which contribute to a given number of vertices. Perturbatively in g , we have in those cases few gaussian integrals to perform ( see (19)).
It is convenient to write eq. (19) as follows, 
n at critical temperature c = 0.25 for different lattice sizes n on torus: n = 10(×), 13(⋄) and 16(+).
From eqs. (54) and (18) and, after expanding the logarithm, we obtain the free energy
The above expansion can be rewritten in powers of g,
The coefficients z N can be easily calculated for small number of eigenvalues. Here we restrict ourselves , for sake of simplicity , to N = 1 (no contribution from the vandermonde ) and N = 2 .After rearranging (55) in powers of the coupling g and comparing with the expression (8) we obtain the nonperturbative partition functions Z n for N = 1, 2. We have obtained Z n explicitly for n ≤ 20 sites . In tables 2 and Table 2 : The first six all topologies partition functions Z n for N = 1.
Conclusion
We have obtained a closed and exact expression for the 1/N 2 contribution to the free energy of the two Hermitian random matrix model. From this expression one can obtain the partition function Z For the special cases of small matrices 1 × 1 and 2 × 2 we have obtained the nonperturbative partition function Z n which includes contributions of all topologies. We have explicit results for n ≤ 20 sites and again the Yang-Lee zeros lie on the unit circle. That is quite surprisingly since there is no Lee-Yang circle theorem for dynamical lattices. Taking linear combinations of polynomials in general originates non easily predictable changes in their roots. A similar result has been observed before for the Z (0) n (n ≤ 14) on dynamical planar graphs. Our calculations on the torus and for higher topologies is thus a strong evidence that the topology of the graph plays no special role what the position of the Yang-Lee zeros is concerned. The same happens on a static lattice since the Lee-Yang theorem (see [2] ) is known to be independent on the details of the lattice like its topology, number of nearest neighbors, etc. It should be stressed that our dynamical lattice consists of sums of φ 4 vacuum to vacuum diagrams where the weight of each diagram corresponds to its combinatorial factor. Nevertheless, those specific weights seem to be immaterial Table 3 : The first six all topologies partition functions for N = 2.
concerning the unit circle. It is remarkable that replacing those specific weights by arbitrary positive constants, at least for n ≤ 4 sites, we still have the roots on the unit circle. That happens on the sphere, on the torus and also for linear combinations, with positive constants, of both topologies. In fact this is probably the reason for the location on the unit circle of the zeros of the nonperturbative partition functions that we have obtained for the special cases of 1 × 1 and 2 × 2 matrices. In those cases we have a linear combination of all topologies wiht the positive coefficiens N −2h where h = 0, 1, · · · ∞ labels the different topologies . Such results lead us to conjecture that linear combinations , with positive coefficients , of partition functions of the 2D Ising model calculated on different graphs G n have all their n Yang-Lee zeros on the unit circle. At this point a word of caution is in order , namely , Lee and Yang have proven their circle theorem for a class of polynomials which includes the partition function of the Ising Model in a constant magnetic field , nevertheless , it is easy to find numerical examples of linear combinations of such polynomials which donot obey the circle theorem even if we take positive coefficients. Therefore it is not obvious how the Lee-Yang theorem can be generalized for sums over the graphs (lattices). It cannot be discarded that the polynomials we have for the dynamical case correspond to a new class of polynomials not encompassed by the Lee-Yang theorem but whose roots still lie on the unit circle. A clear understanding of this issue demands more work which is now in progress. We emphasize that we have only looked at the global location of the Yang-Lee zeros rather than their local distribuition close to the positive real axis and its relationship with the topology. This is now under investigation. Finally, it is worth pointing out that we were able to sum over all topologies for a given finite number of vertices because the sum is actually finite since not all topologies can contribute to a graph with a finite number of vertices with finite number of links. Thus , we have a natural cut-off . 
